INTRODUCTION
Let k be a commutative ring with unity, let s, t be positive integers, and for each (i, j) with 1 ,< i < s, 1 Q j < t let X( i, j) be an indeterminate over k. Let X be the s x t matrix formed by X(i, j) and by k [X] denote the polynomial ring in st variables X(i, j) with coefficients in k. It is a wellknown but nontrivial theorem that the ideal Z,,(X) generated by all p x p minors of X (where p is a positive integer) is a prime ideal in k [X] . If one assumes k to be a field then this theorem is nothing but the so-called "Second Fundamental Theorem" of invariant theory. In characteristic zero case it was first proved by E. Pascal in 1888 (e.g., see [27] ) and the version stated above is proved in Kung and Rota [14] . On the other hand, the ideals Z,(X) arise naturally in the study of Grassmannians. In Musili [23] it is proved that the ideal Z,(X) defines an affine variety obtained by intersecting a Schubert variety in a Grassmannian with the so-called "opposite big cell." It is customary to refer to the aMine variety defined by Z,(X) as a &terminal locus. This article has arisen from an attempt to study the connection between a recent generalization of the "Second Fundamental Theorem" due to Abhyankar [l] and the geometry of the flag variety. A subset 9 of the matrix X, similar to the one shown by the shaded region in Fig. 1 , is called a ladder (for a precise definition see Section 4). In particular a simplest ladder has the shape of a rectangle as shown in Fig. 2 . For a positive integer p and a ladder 9 let Z,(Y) denote the ideal generated by all p x p minors of X contained in .Y (i.e., determinants of p x p submatrices of X with entries contained in 9). As a natural extension of the above stated "Second Fundamental Theorem" one may ask whether the ideal Z,(B) is a prime ideal in k [X] . This question has been answered in the affirmative in [ 1 ] . In fact the results in [ 1 ] hold for subsets more general than ladders. Of course, the primality of Z,(X) becomes a special case of the primality of Z, (9) .
In order to explain the relation between Z, (9) and the flag variety we FIGURE 1 need to introduce some notation. Let n be a positive integer and let k be a field. Let E(n) denote the set of all full-flags (for a definition see Section 3) on a fixed n-dimensional k-vector-space. It is well known that FL(n) is a nonsingular projective variety of dimension $z(n -1) (in a natural manner). Furthermore, if S, denotes the group of all permutations of n objects, then FL(n) can be canonically decomposed as FL(n) = II IV(t), where the disjoint union is taken over all r E S,. The sets W(r) are isomorphic to afline spaces and they are called Bruhat cells. The Zariski closure a W(z) in FL(n) is denoted by X(r) and it is referred to as a Schubert variety in FL(n). In particular if z denotes he identity permutation then X(z) = W(z) is a point of FL(n) which will be called the distinguished poinl. There also exists an anti-canonical decomposition FL(n) = II q(r) (also termed the "opposite decomposition"), where p (7) are affine cells and the closure of l&= I&'(r) is the entire FL(n). The cell I$' is called the "opposite big cell." (For more details see Section 3.)
Abhyankar discovered a class of Schubert varieties (in FL(n)) each having the property that its tangent-cone at the distinguished point is defined by I,(Y) for some appropriate pair (p, 9). In particular these X= FIGURE 2 constitute a class of singular Schubert varieties. This led him to the study of ladders and ideals Z,(Y) in general. From the main theorems of this article it can be seen that, in general, the tangent-cones have a more complicated structure than do the Z, (9) .
Let Z = [Z(i, j)] be an n x n matrix whose entries are indeterminates over k. As before, k [Z] will denote the polynomial ring in n2 indeterminates .Z(i, j). For technical reasons we shall assume that n > 2 and consider only those ladders in Z which are disjoint from the first row and the last column. For a ladder 9 in Z and a positive integer p, let V(p, 9) denote the afline variety corresponding to Z, (9) and let L denote the linear variety defined by the set of equations { Z(i, j) = 6,I 1~ i < j < n}, where 6, is the Kronecker delta symbol. A ladder 9 in Z is said to be (n, p)-admissible provided V(p, 9') n L is nonempty. In Theorem 3 of Section 4 we show that for each (n, p)-admissible ladder dp in Z there exists a Schubert variety X(T) in FL(n) such that we have X(r) n I&'= V(p, 9) A L. Observe that if 9 is an (n, l)-admissible ladder then V(p, 9) is a cylinder over V(p, 9) n L and therefore irreducibility of V(p, 9) follows from that of V(p, 9') n L. This provides an alternative proof of the primality of Z&Y). On the other hand, if Y is an (n, I)-admissible ladder then X(T) n I@= V(p, 9) n L is a cone with the distinguished point as its vertex. Hence the tangent-cone to X(z) (at the distinguished point) is defined by Z, (9) . In case 9 is a rectangular ladder (as in Fig. 2 ) V(p, 9') is a determinantal locus and therefore we call the corresponding X(z) a determinantal-type Schubert variety.
In general, for a Schubert variety X(z) in FL(n) we have X(z) = X(8,)n ... nX (0,) with X(O,)n W=V(p,,g)nL, where l<p,< ... < pm < n are integers and Y1 $ Yz s; . . . $ 9m are ladders in Z (see Theorems 3 and 5 of Section 4). Since a ladder is a union of its rectangular subladders, V(p, 9) is an intersection of determinantal loci and consequently each Schubert variety X(T) in FL(n) is an intersection of determinantal-type Schubert varieties. All these results hold ideal-theoretically and their proofs are essentially combinatorial in nature. We give an explicit construction of a permutation corresponding to each V(p, P') (see 2.9). Using the combinatorics involved in this construction one sees rather easily that each Schubert divisor is a determinantal-type Schubert variety, there are exactly @(n + l)(n -1) determinantal-type Schubert varieties in FL(n) of which precisely n -1 are divisors in FL(n), and finally, a determinantaltype Schubert variety has codimension <n2/4 in FL(n) (see Theorem 6 of Section 4).
Obviously the varieties V(p, .Y) share many properties of the Schubert varieties such as normality, Cohen-Macaulayness, etc. On the other hand, Abhyankar and Kulkarni [3] have recently shown that the Hilbert functions of V(p, 9) are polynomial functions and he&e in case of (n, l)-admissible ladders, the corresponding Schubert varieties X(z) have the same property at the distinguished point.
We have not attempted to include an exhaustive list of references; instead, the reader may look into the bibliographies of the articles cited.
BIVECTORS, PERMUTATIONS, AND THEIR COMBINATORICS
In this section we introduce most of the notation and definitions which will be used in the rest of the article. This section contains all the key theorems of the article. The reader is advised to read the next two sections and refer back to the results in this section as needed. 
Proof
Since (i) follows from the definition, we only need to prove (ii) and (iii). 
Let h=min{b,(;l-i+l),c,(l'-j+l)}, where A=A(b) and n'=A(c).
Observe that h E [l, q], s[h] z i, and t[h] 2 j. In consequence we have p(uz) <x[h]
and n-h + 1 6 u,(l). Now it is easy to see that u~D(n, a). This establishes (ii). Also note that (iii) follows from (ii). 1 Referring to the definition of n it can be easily seen that for each integer t with n(m) ,< t < n(b,(r -1) + l), there exists an integer i in [ 1, m] In particular u(r) is not an element of Im(v, n(v)). It follows that there exists t in [l, n(C)] with u(r) = t?(t). Since E(t) < i(t) and since Im(u, n,(u)) is disjoint from Im(tl, J(G)), we get u(r) < G(i) for all i in [t, l(G)]. Observe that the set (u(r), 14~11 n Id& 4fi)) h as at least n(G) -t + 1 elements whereas the set (u(r), p(u)] n Im(u, n(u)) has exactly n(u) -r elements. Therefore E,(C) -t + 1 + A(U) -r < P(U) -u(r) and hence p(r) < r + t -1. On the other hand, we observe that Im(v, n(v)) is disjoint with Im(6, n(E)), the set [ 1, u(r)] n Im(v, n(u)) has cardinality r, and the set [ 1, u(r)] n Im(C, n(C)) has cardinality t. Therefore we must have u(r) = r + t, which is impossible. In conclusion we have u < v. 1 where z(i) = n(bi, sj) for 1 <i < 1.
BRUHAT DECOMPOSITION OF THE FLAG VARIETY
This section consists of a brief account of Bruhat decomposition and its geometric aspects. For a more general theory (which will not be needed in this article) the reader may refer to "Groupes et Algebres de Lie" (chapitres 4, 5, 6) of Bourbaki.
(3.1). Let k be a field, n be a positive integer, V be an n-dimensional vector-space over k, and let GL(n, k) be the multiplicative group of all n x n invertible matrices g = [ g(i, j)] with g( i, j) E k for all (i, j) E [ 1, n] x [ 1, n] . By a (full) flag on V we mean a sequence V,, . . . . V, of subspaces of I/ such that Vi c Vi+, for all i E [ 1, n) and dimension of Vi = dim V, = i for all in [ 1, n] . Let F(V) denote the set of all flags on V. Let E = {e,, . . . . e,} be a basis of V. For a matrix g in GL(n, k) and an integerj in [ 1, n J define a vector u( g, j, E) = g(f, j) e, + . . . + g(n, j) e,. Then, note that the set (u (g, 1, E) , . . . . v( g, n, E)} is a basis of I/. For each i E [ 1, n] let Vi(g, E) denote the subspace of V spanned by the set, (u(g, 1, E), . . . . u(g, i, E) ). Clearly the sequence V,(g, E) ,..., V,(g, E) is a flag on Y and we shall denote it by $(g, E). We define 4(E): GL(n, k) + F(V) to be the map which sends g to &g, E). Observe that 4(E) is surjective. Furthermore, it is easy to see that #(g, E) = #(h, E) if and only if g = hb for some b E B(n, k), where B(n, k) is the subgroup of GL(n, k) consisting of all upper-triangular matrices. By G/B we shall denote the set of all left cosets of B(n, k) in GL(n, k). Then it follows that d(E) induces a bijection of G/B onto F(V). Henceforth we shall identify G/B with F(V) without an explicit reference to the map 4(E). A ladder in Z is said to be p-trimmed if its shape is a p-trimmed bivector, and it is said to be (n, @admissible (resp. n-triangular) if its shape is an (n, &admissible bivector (resp. an n-triangular bivector). If 9 is a ladder in Z of shape b and if p is a positive integer, then by Z(p, 9, R) we mean the ideal Z(D, Z, R), where D = D(n, b, p). Let 9, Y* be ladders in Z of shapes b, b*, respectively. Then 9' is said to be a sub-ladder of 9* if b c b*. In this case we write Yc~*; furthermore, if b# b* then we write 9<9*. If ~cC* and p < q are positive integers then its is evident that Z(p, 9, R) c Z(q, Y*, R). For a positive integer p and a ladder 9 in Z of shape b, let T(p, 9) denote the ladder in Z of shape T(p, b). Then note that T(p, 9) is a p-trimmed ladder and Z(p, 9, R) = Z(p, Y*, R), where 9* = T(p, 2). Henceforth we shall assume that z(i, i) = 1 for 1 < i < n and z(i, j) = 0 for 1 6 i < j < n. From Proposition 26 of (2.14) we obtain the following. THEOREM 1. Zf p is a positive integer and 9 is an (n, p)-admissible ladder in Z then there exists a permutation t in S, such that Z(p, 9, R) = Z(G Z RI.
Similarly from Proposition 27 of (2.14) we obtain the following. where k is a field and z( i, j) is an indeterminate over k for 1 6 j -C i < n. Let V(p, 9) denote the affme variety defined by the ideal Z(p, 9, R), where p is a positive integer and 9' is an (n, p)-admissible ladder in Z. From (3.4.5) it follows that, for an element r of S,, the aftine Schubert variety V(r) is defined by the ideal Z(r, Z, R). Thus, as a consequence of Theorems 1 and 2 we get the following theorem. It is easy to verify that a nonconstant minor of Z is an irreducible polynomial. Hence, V(p, 9) is a l-dimensional variety if and only if 9 is a square of size p with 16 p <n. Combining this observation with the above theorem we obtain: If 9' is an n-triangular ladder in Z then for any positive integer p, Z(p, 9, R) is a homogeneous ideal in the polynomial ring R and therefore V(p, 9) is a cone. Similarly for an element t of S, if the ideal Z(r, Z, R) is a homogeneous ideal in R then the variety V(T) is a cone. It follows that V(t) is a 1-codimensional cone if and only if the square associated to it is an n-triangular ladder in Z. Hence there are [n/2] such cones, where [n/2] denotes the greatest integer not exceeding n/2. In general it is not clear whether V(s) is a cone only if it is an intersection of V(p, 9')'s where the ladders 9 are n-triangular in Z.
(4.2). Let A, denote the subset of S, consisting of all permutations 0 such that V(O) = V(p, 9) for some positive integer p and some ladder 9 in Z. For a permutation r in S, let n,(z) denote the set of all 8 in /i, with r < 0 and let n,*(r) be the set of all minimal elements (with respect to the Bruhat-order) of /i,(r), adopting the convention that 437) is the empty set if n, (7) is empty. Note that unless 7 = P,,, n,*(7) is nonempty. As a consequence of Theorem 3 we have V(7) = fi V(e), where the intersection ranges over all 8 in /i,*(z).
Employing the cell-decomposition of X(7) and the fact that V(7) = X(7), in conjunction with Theorems 3 and 4, we obtain the following theorem.
THEOREM 5. For each 7 ES, we have X(7) = fiA'(t9) (set-theoretically), where the intersection ranges over all elements 8 of the set A,*(z).
There are exactly n -1 Schubert divisors (subvarieties of codimension one) in the flag variety FL(n) and if X(z) is a Schubert divisor then n,*(z) = {z}.
By a rectangular ladder in Z we mean a ladder 9' in Z of shape b with A(b) = 1. An afline Schubert variety V(7) is said to be determinantal, if V(7) = V(p, 9) for some positive integer p and some p-trimmed rectangular ladder 9 in Z. In this case the corresponding Schubert variety X (7) is said to be a determinantal-type Schubert variety. It has been shown that Schubert divisors are determinantal-type Schubert varieties. Note that
